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Abstract

This study examines a stochastic SEIRS epidemic model featuring bilinear standard and satu-
rated incidence rates, providing a more precise depiction of the interactions between susceptible
and infected individuals in the population. In order to establish the validity of our mathemati-
cal strategy, we first construct a pertinent Lyapunov function to demonstrate the existence and
uniqueness of a positive global solution for this SEIRS model. Next, we explore the dynamic be-
havior of the stochastic SEIRS model, with a specific focus on the conditions that lead to certain
long-term behaviors in the system. It is worth noting that the condition %5 > 1 is enough to es-
tablish the presence of an ergodic stationary distribution, which signifies the stable persistence
of the disease within the population. On the other hand, we show that the condition Ay <1
is essential for the disease to be eradicated, offering valuable insights into strategies for elimi-
nating the disease. In order to validate our theoretical findings, we present a set of numerical
simulations that serve to illustrate and verify our results. These simulations provide a concise
and scholarly view of the theoretical constructs, emphasizing the practicality of our model in
addressing real-world epidemics.

Keywords: extinction; Lyapunov function; stationary distribution; standard incidence rate; sat-
urated incidence rate; stochastic SEIRS epidemic model.
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1 Introduction

Recently, there has been a significant emphasis on studying the dynamic behavior of various
epidemic models to control and manage the transmission of infectious diseases in fields such as
population dynamics, biology, ecology, and environmental science. A growing body of literature
suggests that concise models are a valuable tool for understanding the dynamics of infectious
disease transmission. This concept was first introduced and studied by Kermack and McKendrick
[10]. A generalized upper bound for the size of an epidemic can be derived for a graph in a
specific homogeneous scenario at a fixed time ¢ > 0. Gray et al. [6] presented a concise and
scholarly analysis of a stochastic SIS model, investigating the impact of changes in the contact rate.
Hussain et al. [8] investigated the stochastic permanence in an epidemic model with a standard
incidence rate, focusing on a concise and academic analysis. A study by Cao etal. [1] explored the
dynamic behavior of a two-group stochastic SIRS epidemic model with standard incidence rates.
The stationary distribution and extinction of the stochastic SIRS epidemic model were critically
examined by Lahrouz and Omari [13].

The study conducted by Yang et al. [25] provides evidence that stochastically perturbed SIR
and SEIR epidemic models with saturated incidence exhibit ergodicity and extinction. In their
study, Din et al. [2] investigated various aspects of a stochastic Hepatitis B epidemic model with
partial immunity, including the stationary distribution, extinction, and optimal control. Their
research provided concise and academic insights into this complex topic. Liu [21] studied the
dynamics of positive solutions to SIR and SEIR epidemic models, focusing on saturated incidence
rates. In a study conducted by Lei et al. [14], it was discovered that the stochastic SIRI epidemic
model exhibits dynamic behaviors that result in a stationary distribution and eventual extinction.
Liuetal. [19] analyzed stationary distributions and extinctions in a stochastic SIRI model with re-
lapse. Zhang et al. [27] proposed a concise and academic stochastic SIQR model that incorporates
both stationary distribution and extinction. A stationary distribution was found in a stochastic
SEIQ model with transitory immunity by Zhang et al. [29]. A study conducted by Gokila et al.
[5] examined the stationary distribution and global stability of a stochastic predator-prey model
that incorporates disease in prey populations.

After a comprehensive literature review, it is evident that most researchers have focused on
either standard or saturated incidence rates to understand the dynamics of immunity loss among
recovered individuals. This paper, however, takes a novel approach by investigating the com-
bined effects of both standard and saturated incidence rates. Our aim is to determine whether
integrating these two incidence types can more effectively manage the decline in immunity and
subsequently control disease spread. Itis crucial to highlight that environmental white noise plays
a significant role in this context. The stochastic perturbations introduced by white noise can influ-
ence disease dynamics, potentially steering the process toward desirable outcomes. By incorpo-
rating environmental noise effects, this study aims to provide a more robust and realistic model
for understanding and controlling the spread of the disease. Ultimately, our research seeks to of-
fer deeper insights into the mechanisms of disease transmission and control, potentially leading
to more effective strategies for managing epidemics.

Nowadays, many researchers are focusing on the analysis and development of SEIR models
to better understand epidemic dynamics [20, 15]. These studies explore various aspects such
as transmission pathways, latency periods, and the influence of control strategies. Further ad-
vancements have been made by incorporating additional complexities into the SEIR framework,
including stochastic effects, treatment interventions, and policy-driven measures [18, 4]. Such ex-
tensions contribute to a more comprehensive understanding of disease behavior and support the
development of more effective mitigation strategies. The standard incidence of the deterministic
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SEIR model can be described as follows [21]:
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Understanding and identifying the specific factors involved in periodic outbreaks is crucial for
predicting and preventing the spread of infectious diseases [6]. Traditional models often focus
on the transition of individuals from susceptibility to exposure, then to the infected stage, and
finally to recovery. However, these models frequently overlook the critical issue of immunity loss
among recovered individuals. Although recovered individuals may revert to susceptibility and
aid in the transmission of the infection, the possible ramifications of this loss of immunity are
not sufficiently taken into account. It is essential to recognize that the immunity of recovered
individuals can deteriorate, complicating the dynamics of disease transmission.

To address this gap, the proposed system emphasizes the importance of monitoring recovered
individuals to prevent them from re-entering the susceptible stage. The SEIR model posits that
individuals who have undergone treatment might lose their immunity over time, making them
vulnerable to reinfection and capable of re-entering the susceptible population due to reduced
immunity. By incorporating the concept of Brownian motion, where v > 0 indicates a loss of
immunity at a fixed time ¢ > 0, and considering a network with homogeneous special cases, the
model aims to provide a more accurate representation of disease dynamics. This enhanced SEIR
model can be utilized to comprehend the transmission dynamics of various infectious diseases, in-
cluding measles, AIDS, dengue, and H7N9. Thus, in order to more accurately predict and manage
the development of infectious diseases, this method emphasizes how important it is to incorporate
immunity loss into epidemic models.

2 Model Description

At time ¢, the total population A((t) is segregated into four categories, which are people who
are susceptible S(t), people who were exposed E(t), people with the infection I(¢), and recov-
ered people R (t). The epidemic models are susceptible-exposed-infection-recovered-susceptible
(SEIRS) with g(I)S as the saturated incidence rate. When I increase in size, g(I) is tends to a
saturation level [17],

_ Bt
s =17

Assume that ;I and 5, E represent the infection force and exposed force of the disease whereas

T+ al indicates the inhibition effect brought about by the change in behavior of the susceptible

individuals during the increase in numbers or the crowding effect brought about by the infective
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individuals. A deterministic SEIRS model with standard incidence may be described as follows:

%ng—léiZ—ﬁﬁf—u5+5R,
%gzliﬁ}+&&z—w+uﬁ% 2
%%:¢E*W+u+®h

%:ﬂp(mam.

A detailed list of the model parameters along with their respective descriptions and units is pre-
sented in Table 1.

Table 1: Model parameter and description.

Parameter | Description Units
A Birth rate Individual/day
B, Bo Transmission co-efficients (Individualx day)~*
1 Rate of natural mortality day~!
@ Rate at which exposed individuals develop infectiousness day~!
T Recovery rate for infected individuals day~!
0 Disease induced death rate day !
J Recovered people lost their immunity rate day~!
o Saturation incidence of inhibition effect rate day~!
BroA B2

According to the above model, the reproductive numberis Ry = ,
plp+ o)+ p+6)  (n+ o)
which examines if the epidemic occurs. If Ry < 1, the Model (2) exhibits a notable characteristic

where the disease-free equilibrium %y = (5, 0,0,0) = (, 0,0, 0) serves as a universal attractor
1

within the invariant set T where,
A
T{(S,E,I,R):5>O, E>0, 1>0, R>0, 5+£+I+R§M}.

This implies that the disease will persist and sustain itself within the population. However, Model
(2) has two equilibria, though, if Ry > 1. These are the endemic equilibrium E = (§*, £*, I*, R *)
and the free of disease equilibrium %. In this case, £ is a source (or unstable), while ‘E acts as a
global attractor within the interior of T provided 6 = 0.

However, in real-world scenarios, environmental noise consistently affects biological popula-
tions [3, 12], introducing variability that can significantly influence disease dynamics [22, 23].
Human-related epidemics tend to spread randomly as individuals come into contact with each
other [24]. Therefore, stochastic models are often more suitable for describing such unpredictable
dynamics. In the literature, random perturbations have been introduced into population models
using both mathematical and biological perspectives [16, 9]. In this study, we follow the assump-
tions of Mao et al. [23], where model parameters fluctuate around their mean due to continuous
environmental fluctuations. The model incorporates noise as a Brownian motion process, with
intensity proportional to key epidemic variables within the stochastic SEIRS framework. Several
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authors have emphasized that this approach is biologically sound and methodologically appro-
priate [28, 26]. This specification can be used as a Markov process for a small amounts of At in
the model 2 = (S$;E; I; R; 5)7 [8];

5151

ES(t+At)—5(¢t)

22
>,

— BoSE — puS + M{} At,

ElE(t+ At) — E(1)|Z

22

+525£ (qﬁ—i—u)f] At,
ElI(t+At)—I(t)|Z =x]~ [ (7r+u+9) I] At,
SIR(t+ A8~ R(D)|2 = 1] = [r] — (u+ 5)R] Ae,
and
Var[S(t + At) — S(t)]
VarlE(t + At) — E(t)]
Var[I(t+ At) — I(t)]
Var(R (¢ + At) — R(¢)]

Formally, this corresponds to the Model (2), by assuming the below stochastic system;

5 = [A ff’ 525£u5+59(] dt + 0154 B (¢),
2= | DL 5 E (64 W)E| dt+ 02 Ed B (t)
“|1ral 2 2 02 2(t), (3)

dI = [¢E — (m+ p+ 0)I] dt + o31d Bs(t),
dR = [rI — (p+ 0)R] dt + 04Rd Bu(t),

The given equation involves independent conventional one-dimensional Brownian motions, rep-
resented by %;(t). The parameters o7 denote the intensities of the white noise, with i ranging
from 1 to 4. The remainder of the parameters are identical to those in Model (2). In deterministic
epidemic models, the basic rate of reproduction and the endemic equilibrium are two important
components. These elements play a crucial role in understanding the dynamics of epidemics. The
basic reproduction number represents the threshold at which an epidemic starts to spread, while
the endemic equilibrium indicates the stable level of the disease within a population. However,
when environmental noise is considered, the threshold for the spread of an epidemic in stochastic
models becomes more complex to determine, and most stochastic models lack a clear endemic
equilibrium.

As a result, stochastic models have been extensively studied for their stationary distributions.
The ergodicity of these stationary distributions indicates that infectious diseases can persist over
long periods from a bio-mathematical perspective, potentially leading to further developments in
the disease’s behavior. This study, therefore, focuses on two main objectives:

(i) A stochastic SEIRS epidemic model can be created by using a generalized incidence function
g(I)S. By leveraging the characteristics of g(I), we can establish the existence and unique-
ness of a global positive solution.

(ii) The aim is to determine the disease’s extinction threshold and analyze the stationary distri-
bution of the stochastic epidemic model by incorporating the generalized incidence function.
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By achieving these objectives, the study aims to enhance our understanding of the long-term be-
havior and control of infectious diseases in the presence of environmental noise, providing valu-
able insights for epidemic management and intervention strategies.

The paper is organized in a concise and academic manner. In Section 3, we provide prelimi-
nary results that will be utilized for our analysis. As stated in Section 4, a comprehensive global
positive solution for the Model (3) is provided. Section 5 demonstrates that Model (3) displays
an ergodic stationary distribution under specific conditions. In Section 6, we provide a concise
overview of the necessary conditions for the disease to be eradicated. Section 7 presents numeri-
cal simulations that support the theoretical findings. In Section 8, we provide a concise overview
of the key findings.

3 Preliminaries

In this paper, we utilize a concise and academic approach by considering (2, .#, ) as an entire
probability space with a filtration {.#, } ., that meets the standard requirements. Specifically, the
filtration is both increasing and right-continuous, and %, involves all P-null sets. Furthermore, on
this probability space, %;(t) can be defined for (i = 1,2, 3, 4).

Let, in = {7( e’ x>01<i<d }.The standard equation for a d-dimensional Stochastic
Differential Equation (SDE) is expressed as follows,

dx(t) = f(x(¢t), t)dt + g(x(t), t)d B(t), for t> t, (4)

with the starting value x(0) = x € %#“. The n-dimensional Brownian motion %;(¢) is specified
over the complete probability space (Q, F AP} >0 LP). Let c%! (%‘{ X [to, oo];%Jr) denotes the
group of all non-negative functions V(x, t) defined on Z, x [t, 00| that are twice continuously

differentiable with respect to x and once differentiable with respect to 't’. As follows are the
differential operators .2 of Model (2) [22],

9 d 0 1 4 52
_9 9 1 > e
L=t ;ﬁ(x, D3¢+ 2 [21 77 (k. g(x, 1)), T 5)

Acting . stands for a function ¥ € C*! (% x [ty, o0]; %) , we have,

LV(x,t) = Vi(x, t) + Vi(x, t)f (1, t) + %tmce [V (, )97 (x, )g(x, t)]

oV oV oV oV 02V
%*Wa rV?((@)ﬁv%a"'va?(‘[)’ W{K(axja?g>d><d'

Thus, by Ito’s formula, if x(t) € Z?, then,

dV(x(t),t) = LV (x(t), t)dt + Vi (x(t), t)g(x(t), t)d B(¢).

where

The theory that follows will then focus on the stationary distribution [11], we offer some defi-
nitions and known facts in the section that follows. Suppose we have a homogeneous Markov
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procedure 2 (t) within 4-dimensional Euclidean space &, and we describe it using the items
that follow SDE,

£2(1) ngq \d2,(1) (6)

In the diffusion matrix corresponding to (6) have the form,

[ .
(1) = (b;(x), bi(x) = gi(x)g(x). (7)
g=1

Lemma 3.1. [11] Consider a bounded region D contained within &y, with a smooth boundary denoted by
Y. It possesses the following features:

o H, : There is a positive essentially unchanged constant M > 0, such that every value of x € D and
[

v € %%, the inequality Z ai(xX)viv; = M |v|? holds, where M is a constant with a positive value.
ij=1

o 7 : There exists a C*-function V > 0, such that £V < 0 for all points in &;\'D. Therefore, the
Markov process 2 (t) exhibits a distinctive stationary ergodic distribution denoted by &(.).

To be specific,

{}13100/ jica = g{f(?ﬁ)@(tf?c)}—lv Vo ox €&y

In this case, f(-) corresponds fo a function integral with a measure &.

4 Uniqueness and Existence of Positive Global Solutions

When assessing the dynamic behavior of the epidemic model, the primary factor to consider
is whether a broadly effective cure is accessible. The analysis that follows looks into the presence
and singularity of the global positive solution in order to explore Model (2)’s long-term behavior.

Theorem 4.1. For a given starting value, 2°(0) = (5(0), E(0), I(0), R(0)) € #*, a positive and unique
solution can be obtained. The process 2 (t) consists of four components: S(t), E(t), I(t), and R(t).
In the order system (3), it is defined as a solution in %% with probability 1 for t > 0. The solution
(S(t), E(t), I(t),R(t)) € #LV t > 0 is guaranteed almost surely (a.s.).

Proof. Given the model’s coefficients, it can be observed that they satisfy the local Lipschitz con-
dition. This implies that for any starting value (5(0), £(0), 1(0), R (0)) € %%, there exists a locally
distinct solution (S(¢t), E(t), I(t), R(t)). 't’ is defined within the interval [0, 7,), with 7, denoting
the explosion time [22]. In order to establish the global nature of the solution, it is necessary to
demonstrate that 7, = 400 a.s. Assume that Ky is a sufficiently large value, such that the beginning
values of 5(0), E(0), 1(0), and R (0) all collapse within the interval [1/Kp, K] The halting time can
be represented using the following sequence for each and every integer K > Kp.

e = inf{t € [0,77) : min {5(t),z(t), I(t),ﬂ((t)} < % or max {S(t),f(t)7 I(t),‘]{(t)} > &}.
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Throughout this paper, we adopt the convention that inf ) = oo (in general, §) is as the null
set). Clearly, as the value of K approaches infinity, it is apparent that 7; is increasing. Consider
the limit of 7 as K approaches infinity, denoted by 7. Therefore, it follows that 7, is less than
or equal to 7, a.s. In this case, it can be shown that 7, is a.s. infinite, and for all ¢ > 0, the variables
(S(t), E(t), 1(t), R(t)) belong to #1 a.s. The only thing left to do is verify 7., = +o0 a.s. In case
the proposition is not followed, there exists a constant .7 > 0 and a ¢ € (0, 1) respectively, such
that,

@{Tgﬁy}Z(i), V K>k
Define a non-negative C? function ¥ : Z}{ — % by,
VS, ELR)=S-1-InS)+(E-1-WmE)+(I-1-Inl)+(R—-1-InR).
Applying Ito’s formula, it will be,

dV(S,E, [,R) =LYV (S,E, I,R) dt + 01(S — 1)d B (t) + 02(E — 1)d B (1)
+ 03(1 — 1)d B3(t) + 04(R — 1)d Bu(t),

therefore,
(1 st _ 1 B1SI _
ffl/_(l 5) </\ T+ al B2 SE LL5+5R,>+<1 g) <1+a1+6255 (¢+u)z)
1 1 2 2 2 2
+<1—I)WZ—%u+9+wﬂy+(L—K)@ﬂ—{u+®ﬂj+gf+bggd+&
_ Bls® | BUISE OE A
_A+4u+¢+6+w—MS+£+I+£)+1+a[+1+al+ﬁx5+zy—I 3

SR wl P+ 0R+ 02+ 03

s R 2
<A+4dp+ o+ o4+ 7+ B+ fo+
< %o,

01+ 03+ 03+ 03
2

where % is an appropriate constant that does not depend on S(t), E(¢t), I(¢) and R (¢). Conse-
quently,

dV(S,E, I, R) = Kodt + 01(S — 1)d B1(t) + 02(E — 1)d Ba(t) + 03(1 — 1)d B(t)
+ 04(R — 1)d Ba(t).

Take the above equation and integrate both sides from 0 to 7¢ A.7 for every kK, > Kp. The remaining
part of the proof for Theorem 4.1 follows a similar approach to that in Mao et al. [23] and is omitted
here. O

5 Ergodicity and Stationary Distribution Analysis

In an epidemic model, it’s imperative to consider when the disease becomes widespread in the
community first. The issue needs to be addressed by demonstrating that the equilibrium in the
relevant deterministic model is either globally stable or a globally attractive force. However, Model
(3) does not demonstrate endemic equilibrium. In this part, Khasminskii [11] theory implies that
sickness will continue, so we validate the existence of an ergodic stationary distribution.

1218



S. Saravanan and C. Monica Malaysian ]. Math. Sci. 19(4): 1211-1235(2025) 1211 - 1235

Define a parameter,

(B1oA + B2)

RS -
2 2 2\
(u+%)<¢+u+?)(ﬂ+9+u+?)

Theorem 5.1. Make the assumption Ry > 1. For instance, let’s take any beginning value
(5(0), E£(0), 1(0), R(0)) € %% for the Model (3). The ergodic property is exhibited by this model, which
has a unique stationary distribution &(-).

Proof. From (7), it is evident that the diffusion matrix of Model (3) is of the form,

025? 0 0 0
0 o03E*> 0 0
0 0 o0I> 0
0 0 0  oR?

%:

As per Lemma 3.1, we need to examine both the terms and conditions (#;) and (#;) respectively.

Choose M = M 5 1 g)eD,ct {0152, 032, 0317, 03R?}, one may have that,

4
2
D (S E L R)vuvm = 015°9F + 03E*5 + 031793 + 04 R20E > M ||,

n,m=1
(S,E, I,R) € Dy, v = (71,72, 73, 14) € Z%. In order to validate the condition (#;) in Lemma 3.1.

As a C*-function, construct A" : Z4 — Z as follows:

NS, ELLR)=MS+E+T+R—mInS—mnE—minl)+ (S+E+T+R)H!

—InS-MmE-MmR+S+E+1+R)
=M+ Vo+ Vs+ Vy+ Vs + Vs,

941

2p
01V 03V 03V 03’

where ¢ is a constant that meets the specified condition, 0 < ¥ <

’V1=5+Z+I+R—m11n5—mgln‘ZZ—m31nI,

%:m(5+f+l+ﬂ,)ﬁ+l, {Vgifhl.s, ‘V4:71n£,
A A
Tﬂ1:7g2, 7@27&7 mgz—ggﬂ
p+ 2 p+p+ = T+t =
2 2 2
then, M > 0 satisfies the given condition,
—MN+ C< -2 (8)

Therefore, it is clear to overlook,

lim

N(S,E, I,R) = +o0,

inf
K—00,(S,E,1,R) €A\ Uy

1219



S. Saravanan and C. Monica Malaysian J. Math. Sci. 19(4): 1211-1235(2025) 1211 - 1235

1 1 1 1
where U = (K’ K) X (K’ K) X (K’ K) X (K’ K). Moreover, A (S, E, I, R) is a continuous
function. Therefore, 4(S, E, I, R) should have a minimum point (30, %0, Io, ﬁo) in the interior of

R;. Then, we describe a non-negative C?-function ¥ : Z{ — % in the following manner,

{A])(sgu ‘27 [7-‘R,> = /V(~S‘7.Za Ia K) - JV(EO,%O,?[),%).
By applying Ito’s formula, we have,

_ o BSE B _BST _9E
LYV =\ ol B2SE “5+5K+£(1+a1) B2S — (1 + ) 7

A I § 2
—(7r—|—,u+0)—m1——m1 ﬂl —mlﬂgf—leu—leﬂ—le&

B1S8I 02 s 2
m2£(1+a[) P28 m2(/~t+¢)+m22 s 7 5 (7 + 1+ 0) + m :
A B1SI OE Bl

2
071

=N - My Y + my(BoE + BoS) + + 4
m15 mQZ(l ol) mgl m11 =7 (B2 B28) + m <u )

2
% %
+ my <1L+¢+22>+m3 <7r+u+0+23>.

Applying the inequality relation a + 6 > 2v/ab holds true when both a and 4 are positive.

my 31 B2 ST z mmAGE Bl 0}
< _o ( Z2FLF297 ) AAY= £1
LY < 2( Z(al) > 2( ST ) +m11+al+>\+m1 M+2

03 o3
+ my <u+<zﬁ+22)+m3 <7r+u+9+23>

1 Bl Q%
< _ B1 BaAp) 3 3 &1
~ 4( ™ My m3 01 2)\ ) m 1 Ji my 2«5 A mo| Y 2

03 o3
+ m (u+¢+22)+m3 (7r+,u+9+3>

2
I
_ i 5152%15 _ 1w B oS,
01 05 03 1+ al
pt+ =) lp+to+—= ) |r+p+0+ =
2 9 9
9)
Similarly, we get,
LVy=A=pS —pE—(u+0)1 —pR) S+ E+1+R)’
) _
+§(5+£+I+£/U” " (035?403 E? + 0217 + 02R2)
SEH+E+FI+R)N—pS+E+I1+R)
)
+ oS+ EHT+HR) (e Va3V eV al)
)
2/\(5+f+1+7()19—[H—2(Q%\/Q§\/Q§\/Qi)} S+E+T+R)H
1 )
S%—Q[M—Q(Q?\/Q%VQ?,VQ?;)] S+E+T1+R)
1 )
<AB-3 [u— S0V e Vel VQ?;)] (SU + g0 4 [ L RIEY), (10)
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We can also get,

B1 OR. Q1
LVy=—=+— E+ —= 11
5 = 5+ + B2 +\5+“+2 (11)
___ BST %
LV = (1 + al) 525+M+¢+2a (12)
_ a
LV =~ bt (13)
LVs=A—uS+E+I+R). (14)
We obtained,
M; I 1 0,
$V=—MA+1T& + Mmoo — 5 | =5 (01 V 63V 65V ai)
A ﬂﬂ OR. B SI
941 9+1 9+1 9+1 - _ov sl
(ST BT AT A R = ko RS S +2 £+ al)
0wl %
—Bﬁ+u+¢+§-ﬁ+u+5+3—A—uw+£+l+R)
Mm — 1511 8181 B 1
< — e _
MA+ o TMmBRS - e o T
1 9
— 5 |p— e vV Y| (s +ET 4 I R
A I 2 2 2
*3Aéi*uU+Z+I+R)+A+m+6+¢+@5+gﬂigi&.

At this point, we construct a compact subset of © that satisfies condition #; as stated in Lemma
3.1. This bounded and closed set is defined as follows:

1 1 1
6= <S<—, <I< <E<L —, <R~
{51 & &2 & &1 & s <R < & }
In cases where &; > 0 for constants (i = 1,2, 3, 4), certain conditions must be satisfied:
A
——+H < -1, (15)
&
—MN — Mm, 5161 + Mm252§1 + K< -1, (16)
519t 9 < -1, 17
& +&&+ - (17)
™
&1
1 —1M2v2v2v2)—i—+g<—1 (19)
1 K 9 01V 03 V03V 04 f§ﬁ+1) =>4
s ls@vaveve)| s+ F < (20)
4 2 1 2 3 4 é_f(ﬂ+1) = )
1 u—}ﬁ(QQVQQ\/Q?\/Q2) ;+j<—l (21)
4 2 1 2 3 4 5;1(19+1) = ’
—lu—lwfvafvf)—if+y<—L (22)
4 2 1 2 3 4 gi}(ﬁ—"_l) —
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Itisshown that ¥, G, H, 7, and 9 are positive constants which is given explicitly in the expression

(15)—(22). For our convenience, this set %4 \© is split into 8 domains, so that we can calculate it
more easily,

(S, E,I,R)€EZ} :0<S8 <&},

(S,E,[,R) € Z* :0<1<&, S>&F,

(S ELR)ERL:S>&61>&, 0<E<Ls},
(S, EL,R)ERL :0<R <&, >},

{
{
{
{
{

={(S,E,I,R) € %} : 5>§1}, @6={(S7Z,I,ﬂ{)e%4 I>§1}
1 2
@7{(5,Z,I,R)€«%’itf>§l}, 68{6,75,1,906%4 f&>§1}
3 4

Next, we will show that the inequality .Z (S, E, I, ®) < —1 holds on the set Z4\©. As a result,
the problem can be solved in each of the eight domains listed above.

Case I: Suppose that ($, E, I, R) € ©1, one may get that,

)\ Mmlﬂll 1 1 2 2 2 2
< —— - - R — —
LYV < 5—1— Txal + Mmp 328 5 1 219(91\/92\/93\/94)

2 2 2
+ 03+
X (ST BT O p ROV A4 Bu ot g+ B BT 2T

2
A A
S-S+ H< -+ A, 23
- S B3t 23)
where
Mm I 1 1
H=  sup {1161+Mm2525— = ﬁ(@?V93V93V95)]}

(S,E,1,R) € +al 2 2

2 2 2
+ 03 +
><(519“+'£19+1+I”“+9C9+1)+/\+3u+6+¢+93+7gl Q; 2y (24)

By using (15), we can infer this £V < —1forall (5, E,1,R) € O;.
Case II: Suppose that (S, E, I, R) € O, one can get that,

Mm1 ﬁl IS

1 1
X(VS—M)\'FHT‘FﬁzSMm -3 M—§19(Q%\/Q§VQ§VQ?1)

2 2 2
+ 05 +
% (519+1+£19+1+I19+1+Kﬂ+1)+625+3u+5+ 01 T 03 T 0y

2
< —M\+ M 16 + 261 Mms + K
1+al
M
< —MI+ % + Bobi Mmy + K.

Choosing & = £ and o = &,
LV < MM+ Mmlﬂlél + ﬂ2§1Mm2 + K. (25)

Because of (16), it can be inferred that for a very small &. If % < —1, it applies to
any (S,E,1,R) € Os.
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Case III: Suppose that (5, E,I,R) € O3,

v s (P8 A s
—% [u— %19(@? AR V@i)] (S7F 7 4 17T RO
+ﬁ25+3u+5+¢+A+M
< -2 (W)é—&-ﬁgl—i—}[
g-ﬂ(méf@>é+&&+5{
< -2 (ﬁlg?/[)é-l—ﬁgﬁ-i-.‘}{. (26)

Considering the condition (17), we can obtain that ¥% < —1forany (S, E, I, R) € Os.

Case IV: Suppose that (S, E, I, R) € ©4, we have,

ml  Mm IS 1 1
f’VS—E'FW_ﬁ U_iﬂ(Q%ngng\/Qi)

9+1 9+1 9+1 9+1 01+ 05+ 03
X (ST HET AT A R A M A3+ S+t A

2
ml
<-T 4w
=R
<-4 27)
&1

By using (18), we can achieve that 1 < —1 for all ©,.
Case V: Suppose that (S5, E, I, R) € O3, we have,

1 1 1 1
LV <~ [u — 5ot VeV Ay Qi)] ST - [u — 0ol Va3V Ve st

1 1 2 2 2 2 9+1 941 941 My 81 1
_2{“_20(9”9”9”@4) (B7F 4170 4 RO ¢ SR
2 2 2
+52M+%+3u+6+¢+A+W
1 1
=7 [“‘ 5 V93V9§v@i>] §$M 4G
<2 - 0@V EV AV )| o+ (28)
- 4 K 2 'Ql 92 03 94 f'f‘l g’
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where

1 1
G= s -2 [u —50(el Ve VeV Qi)} ST
(S, E,LR)ERY
1

1
-3 {u — 50V VeV Qi)] (EF 4 1% 4 g9

Mm, 1 I

N 03+ 03+ 0}
1+al '

+ BoM + B +3u+0+d+ A+ 5

(29)
Together with (19), implies that £V < —1 on O5.

Case VI: Suppose that (S5, E, I, R) € Og, we have,

1 1 1 1
LV <~ {u ﬁ(@f V03V o3V @i)] 1t — 1 {u 519(& AT AT IR

1 1
-3 {u — 50l Ve VeV QZ)} (§T + 7 4 g7

M 511
1+ al
1

1
<-3 {u S0l Va3V a3V Qi)] ’ttyy

0% + 03 + 0}
2

+ + oM A B+3u+0+0+ A+

1 Lo o, 2, 2, 2 1
S_Z {M—279(91\/92\/Q3\/Q4) W+]’ (30)

where

1 1
J= sup = [u UG AR QZ)} +!
(S.E.1,R)eRL
1 1
A R AT AT 7| G R T

Mmq 511 2L 24 o2
Mmbil | ool + B4 3u+s+o4rs ATLTA

* 1+ al 2

According to inequality (20), it is possible to accomplish # 7 < —1 on .

Case VII: Suppose that (S, E, I, R) € O7, we have,

1 1 1 1
LV <~ [u 70tV o3 V@@@i)} £ -2 {u S0 VeV ave)| £
1 1
-3 [u —50(el Ve VeV QZ)} (S + 17 4 RO
Mm, 311 1+ 03+ 0]
Mmhl | goafy B ysutororry ATeta
1+al 2
1 1
<-4 [u S0V a3 V@ﬁ\/gi)} £ 4+ K
< tu-bi@vaveve)| —o+ % (31)
=77 B A0FD ’
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where
1 1 2 2 2 2 941
K= —sup = |u—0e1VerVesVey)| E
(S, E,L,R)€RY 2
1 1
-3 [u —50eI Ve VeV Qi)} ($F + 17 4 RO
Mim, By I 01 + 03 + 03

Tral + oM+ B+3u+0+o+ A+ >

This result, in conjunction with (21), indicates that £ < —1 for all 7.

Case VIII: Suppose that (S, Z, I, R) € ©s, we have,

1 1 1 )
2V < -3 {M — 30V VaV 9‘2*)} R =] {” — 5PtV aves V)| R
1 1
_2[”_219(9“9%9@93)} ($7HL 4 £ 4 )
Mmi 11 2 2 2
MmBL | gop+ B 43+ 5+0+ 0+ LTETO
1+ al 5
1 1
< _i |:M_ 20(@%\/@%\/9%\/93)} Kﬂ-ﬁ-l T
< lhi-ti@vavave)| s+ (32)
=7y H D) 01V 02 V 03V 04 €3(ﬁ+1) ,
1
where
1 1 2 9 2 9 941
Y= sup ——|p—U(e1VerVezVoey| R
$r1R)ent 4 2
1 1
_2[”_2’9(9%VQ3V9§V93>] (S7+ 4 4 )
Mmi 11 22y 2
MmBL | goaf + B+ 3u+5+¢+r+ D2t
1+al 5

Applying (22), we get £V < —1 on Ogs.

It follows from (23), (25)—(28) and (30)—(32) that the condition &; holds, provided that E is
sufficiently small,

g{V(Safvlvx)g_lv v (5,@7[7R)6%i\9

It is evident that Lemma 3.1, satisfies the condition (4z). This Model (3) possesses a stationary
distribution and exhibits ergodic behavior. And with that, the proof is complete. O

Remark 5.1. Theorem 5.1 demonstrates that system (3) possesses a distinct ergodic stationary distribution
@(+), provided that,

(BLOA + Bo)

2 2 2
<u+921) <¢+u+922> <7r+9+,u+923>

This expression for R aligns with the threshold Ry of the deterministic system (2) when the effect of white
noise is disregarded. This implies that our results build upon and broaden the findings of the deterministic
system.

> 1.

Ry =

1225



S. Saravanan and C. Monica Malaysian J. Math. Sci. 19(4): 1211-1235(2025) 1211 - 1235

6 Eradication of The Disease

Another major concern in epidemiology is regulating disease dynamics in order to eradicate
the disease permanently. Here, we will identify the essential conditions required for disease ex-
tinction in the stochastic Model (3). It can be shown that x () is an integral function over the range
[0, o). For convenience, we define that,

(o), = [ we)da0)
Lemma 6.1. Assume (S(t), E(t), I(t), R(t)) denote the solution of the system (3) with the beginning
values (5(0), E(0), I(0), R(0)) € #%. Then,

1 1
limsup —InS(¢) =0, limsup ;1n E(t) =0,

t—00 t t— 00
1 1
limsup-InI(¢t)=0, limsup—-InR(¢)=0, as. (33)
t—00 t—oo T
2\ 02V 02V o2
Along with, if i > o9 ve 5 % 94, then,
Vd % ( " E(u)d By (u
limM:Q lim MZQ’
t—00 t t—00 t
t
I(u)d % Vd Ba(
lim M =0, u =0, a.s. (34)
t— 00 t t—>oo t

Lemma 6.1 will be demonstrated using approaches analogous to those in [16, Lemmas 2.1 and 2.2], so it
will not be detailed here.

Specify the parameter as follows,

~

Ry =

(Bro + B2) (P + 1)
¢2£)2

[u(u+¢)2<ﬂ+u+9+2ﬂ 5
Theorem 6.1. Assume that (S(t), E(t), I(t), R(t)) is a solution of the Model (3) with a starting value

L 20 2\ 2\ 2
of (5(0), £(0), I(0), R(0)) € #*. If RS < 1and also i > L1122V Y AV

, then the solution

(S(t), E(t), I(t), R(¢)) of the Model (3) satisfies, ?
B1+ B29 1
im sup H(n(@E(1) + o+ 0)1(0) < 2L
[(u+¢)2 (w+u+9+ ‘924)} A ¢2‘Q2
<0, as.

lim; ,00 R(t) =0, as.
As S(t) is distributed, it will eventually converge to the measure with the highest density.

2p 2

fy) =Gy 2y o4 e oy

2u4 07 9 -1
2 o2 2M + 07
— T\ —5— :
01 01

where € =
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Proof. Consider the SDE,
du= (- pu)dt + o1 ud B, (t). (35)
It is straightforward to verify that (35) has a stationary solution %(¢) with the density given by

;+91 9 -1
22~ ” (2u + Q1>
2 2 :
071 01

Following the ergodic theorem,
1
Jim A 5 )ds = / yf.(y)dy, as. (36)
From SDE (36), with help of direct calculation, we get,
A

/Oo yf (y)dy = & (u(t)) = —.
0 I

Let u(t) denote the solution to SDE (35) with the starting value #(0) = y(0) > 0. To establish this,
we will utilize the comparison theorem for stochastic differential equations from [7]. Therefore,
we obtain,

S(t) <u(t), as. (37)
Additionally, let 22(t) = ¢E(t) + (1 + ¢) I(t). According to Ito’s formula,
PBLS(t)1(t)

+0P2S F )+t 0)I
fin2(t) = | —L+al $P2S(EVE(E) — pld + 1) (m + -+ 0) I(2)

(
PE(t) + (¢ + p)I(¢)

1)

+ 1)

20313 (t)
1P }‘ﬁ

L{%Q(t) +

_ PP3ER(H) + (
2[¢E(t)
¢Q2f( )
PE(t) + (¢ + ) I(¢t)
_ BB L
(¢ + 1) [GE() + (¢ + p)E(8))

{0t w2+ s 0)+ S0+ w28 20 + G BT |

+ $02E(t)
PE(t) + (¢ + p)I(t)
(B + P2) 1 $*03
= (P + ) Lft_?u(czﬂru)QHuwﬁL y (W+”+9+ 2)% 2 }L{t
_|_

w
¢Q2£(t) ((b N)Q?,I( )
T O+t I Ot EO T w2 (38)

After integrating both sides of (38) over the interval from 0 to ¢ and then dividing by ¢, we derive,

20 S (o (e )0 )

¢Q2 )
/¢f +¢+u>1<5>”%(5)

¢+M 03 I(S5)
: / GES) T (0 + i) ) (39

(¢ + mesI(t)

- SE(8) + (6 + ) I(D)

L{E%'g(t)

dBs(t) +

)
(04 p)osI(t)
SEO T o+ win" 2
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Taking both sides of the limit supremum (39) to combine Lemma 6.1 and f@s < 1, we can obtain,

. In2(t) _ ¢(B1+ Ba) 1 2 % ¢*03
i ® U < SO i e (o )] 050
<0, a.s.
Consequently,

lim £(¢) =0, and lim I(¢) =0, as.

t—00 t—00

Furthermore, in case of any sufficiently small ¢ > 0, there exist  and a set Q24 C Q such that
P(Qy) >1—¢and BSI < ¢S for t > t; and w € Q4. Thus, the expression becomes,

(B1+ B2)S
(/\ e —u5+5i’i> dt + 0154 %1 (t) < dS

< (A= pS)dt + 0154 51 (). (40)
Equation (36) can be integrated from 0 to ¢ and combined with Lemma 6.1 to yield,
A

hgggf <5>t 2 m, a.s. (41)
There is an arbitrariness to v,
liminf (5), > 2 (42)
im in ($), > ;, a.s.
Thus from (36), (41) and (42), we get,
lim (S§), > A 43
tigolo< >t—;7 a.s. ( )

According to (36) and (37), the process S(t) distribution converges to the measure that is repre-
sented by the density £,.

Using the Model (3), it is straightforward to observe that if lim,_,., I(¢) = 0 a.s. then,
lim,, o R(t) = 0 a.s. as well. The proof is now finished. O

Remark 6.1. Theorem 6.1 demonstrates that if,

= + +
RS = (B1o + B2) (¢ :2) i <1
[u(u+¢)2<7r+u+0+24>}/\ 22

The disease will become extinct. It is important to note that when RS <1,a higher intensity of white noise
facilitates the extinction of the disease. Therefore, controlling the outbreak can be achieved by adjusting the
level of environmental noise.

7 Discussion and Numerical Simulations

In this work, we investigated the processes of illness extinction and persistence inside the
framework of Model (3). We shall run multiple numerical simulations to verify the validity of
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our conclusions. The Milstein method [7] is used numerically to underline the variations in Ry
behavior between the deterministic and stochastic forms of the SEIRS epidemic model. The SDE
Model (3) is formulated as follows:

I; ?
Siv1 =8 (A — 51B17 — SiBoEi — uSi+ 0R: ) At + 015V ALy + L Si(v2 — 1A,
14+ a1l 2
I 2
Eiv1=E (Zilflal + SiB2E; — (1 + ¢)fi) At + 02 EV Aty + %fi(ﬁf —1)At,
11

2
Iiy1 = L(®E — (m+p+0);) At + o3 VAL + %L‘(C? —1)At,

2
Rivr = R (nh = (u+ 0)R) At + 0 R/ Aty + L R(0F ~ DAL,

In this scenario, ;, ;, (i, ¥; for (i = 1, ..., 4,) are random variables that follow independent Gaus-
sian distributions, denoted as A -distributions.

Example 7.1. Assume that Model (3) has the following parameters: A =5, 81 = 0.9, 52 = 0.05,
¢ =05pu=030a=27F=0160=0.17=05,(o1,02 03 04 = (0.1,0.1,0.1,0.1) as well as the
starting condition is (5(0), E(0), 1(0), R.(0)) = (0.7,0.2,0.1,0). We can obtain that,

&S = (816X + o)
of o3 o3
<M+2> <¢+u+2> (7T+9+u+2>

The graphical representations of Example 7.1 can be found in Figures 1, 3, and 5, offering
a detailed visualization of the model’s behavior and facilitating a deeper understanding of the
system’s dynamics through different perspectives.

= 10.3510 > 1.

Example 7.2. According to the Model (3), the following parameters are considered: A = 2, 8; = 0.37,

B2 = 0.05,¢ = 0.5,u = 03, = 2,6 = 0.1, = 0.1, 7 = 0.5, (01, 02, 03,04) = (0.1,0.1,0.1,0.1)
as well as the starting condition (5(0), E(0), I(0), R(0)) = (0.7,0.2,0.1,0). It is easy to find the basic
reproduction number,

_ B10So B2
Ro = TETIC e +Iu_~_¢—7.2740>17 and
Ry = (519 + 2)(& + 1) > =0.9793 < 1.
[u(u+¢)2 <7r+u+9+g24>}/\¢292

The graphical representations in Figures 2, 4, and 6 offer a comprehensive illustration of Ex-
ample 7.2, highlighting the trends and interactions within the system, and providing valuable
insights into the model’s behavior.

Consequently, the disease may disappear due to white noise, as it may lead to its extinction.
Meanwhile, the disease has existed for deterministic models (2) since Ky > 1. In this way, numer-
ical simulations validate the theoretical results.

The Figures 1—6 illustrate the fluctuation of susceptible, exposed, and infected groups over
time in relation to the stationary distribution and extinction of the diseases. These observations
are made in both deterministic and stochastic systems. Additionally, curve comparisons of the
same values indicate a closer approximation to the reality of both deterministic and stochastic
numerical simulation of the Model (3).
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Figure 1: The comparison of solutions for $(¢), E(t), I(t), and R (t) between the deterministic and stochastic systems under the condition
RS > 1isillustrated. The histograms on the right column display the probability density functions for S(¢), E(¢), I(t), and R (¢).
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Figure 2: The comparison of solutions for $(¢t), E(t), I(t), and R (t) between the deterministic and stochastic systems under the condition
ﬁg < 1lisillustrated. The histograms on the right column display the probability density functions for S(¢t), E(t), I(t), and R (¢).
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Figure 5: Comparison of solutions on S(t), E(¢), I(t), and R (¢): for each class in Deterministic & Stochastic system with ®;> > 1.
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Figure 6: Comparison of solutions on S(t), E(t), I(t), and K (¢t) : for each class of the Deterministic & Stochastic systems when 57(05 < 1.

8 Conclusion

This paper has investigated the comparison between the long-term behavior of a stochastic

B1SI
1+al’
tended characteristics and dynamics of the stochastic SEIRS model. Relevant research is specifi-
cally cited in [21]. When a virus enters the human body, it does not immediately cause an infec-
tion; instead, it may remain latent for a certain period. Since the incubation period varies across
infectious diseases, it is crucial to study models that incorporate this phase. Based on the stan-
dard and saturated incidence rates, when the random perturbation coefficient is sufficiently small
and the parameters 5,57 and B2 SE are appropriately regulated, the system’s overall dynamics
become more predictable. This improved understanding supports the adoption of the most effec-
tive strategies to control and mitigate the spread of infectious diseases. The stochastic Model (3)
necessitates &’ > 1 in order to establish the presence of a stationary distribution, while Q/VSOS <1
signifies the eradication of the disease. The mandatory conditions for eradicating the disease have
also been formulated. The intensity of environmental noise also catalyses the persistence of infec-
tious diseases. At the end, our findings are validated using numerical simulations.

SEIRS epidemic model and the saturation incidence rate g(I1)$ =

focusing on the ex-

There are several intriguing and transparent topics that warrant further exploration. Factors
such as sudden climate change, weather warming, cooling, or wetting and drying can significantly
influence disease proliferation. It is important to highlight, however, that the methods employed
in this study can be extended to other epidemic models of interest. Notable examples include
SEIQR, SEIQVR, and other variations. This adaptability paves the way for continued research in
the future, offering a robust framework for analyzing and managing a wide range of infectious
diseases under varying environmental conditions.

Acknowledgement: The authors wish to thank the management of Vellore Institute of Technology
(Vellore-632014) for their continuous support and encouragement to carry out this research work.

Conflicts of Interest: The authors state that they have no conflicts of interest.

1233



S. Saravanan and C. Monica Malaysian ]. Math. Sci. 19(4): 1211-1235(2025) 1211 - 1235

References

[1] Z. Cao, Y. Shi, X. Wen, H. Su & X. Li (2020). Dynamic behaviors of a two-group stochastic
SIRS epidemic model with standard incidence rates. Physica A: Statistical Mechanics and Its
Applications, 554, Article ID: 124628. https://doi.org/10.1016/j.physa.2020.124628.

[2] A.Din & Y.Li (2021). Stationary distribution extinction and optimal control for the stochastic
Hepatitis B epidemic model with partial immunity. Physica Scripta, 96(7), Article ID: 074005.
https://dx.doi.org/10.1088/1402-4896 /abfacc.

[3] L.C.Evans (2012). An Introduction To Stochastic Differential Equations. American Mathematical
Society, Providence, Rhode Island, USA.

[4] M. B. Ghori, P. A. Naik, J. Zu, Z. Eskandari & M. Naik (2022). Global dynamics and bifurca-
tion analysis of a fractional-order SEIR epidemic model with saturation incidence rate. Math-
ematical Methods in the Applied Sciences, 45(7), 3665-3688. https://doi.org/10.1002/mma.8010.

[5] C. Gokila, M. Sambath, K. Balachandran & Y. K. Ma (2023). Stationary distribution and
global stability of stochastic predator-prey model with disease in prey population. Journal
of Biological Dynamics, 17(1), Article ID: 2164803. https://doi.org/10.1080/17513758.2022.
2164803.

[6] A.Gray, D. Greenhalgh, L. Hu, X. Mao & J. Pan (2011). A stochastic differential equation SIS
epidemic model. SIAM Journal on Applied Mathematics, 71(3), 876-902. https://doi.org/10.
1137/10081856X.

[7] D.]J. Higham (2001). An algorithmic introduction to numerical simulation of stochastic dif-
ferential equations. SIAM Review, 43(3), 525-546.

[8] G. Hussain, A. Khan, M. Zahri & G. Zaman (2020). Stochastic permanence of an epidemic
model with a saturated incidence rate. Chaos, Solitons & Fractals, 139, Article ID: 110005.
https://doi.org/10.1016/j.chaos.2020.110005.

[9] D.Jiang, C.]Ji, N. Shi & J. Yu (2010). The long time behavior of DI SIR epidemic model with
stochastic perturbation. Journal of Mathematical Analysis and Applications, 372(1), 162-180.
https://doi.org/10.1016/j.jmaa.2010.06.003.

[10] W. O. Kermack & A. G. McKendrick (1991). Contributions to the mathematical theory of
epidemics-1. 1927. Bulletin of Mathematical Biology, 53(1-2), 33-55. https://doi.org/10.1007/
bf02464423.

[11] R.Khasminskii (2011). Stochastic Stability of Differential Equations. Springer Science & Business
Media, Berlin, Heidelberg. https://doi.org/10.1007/978-3-642-23280-0.

[12] G. Kumar, K. Ramesh & K. S. Nisar (2024). Dynamics of an SEIR epidemic model with
saturated incidence rate including stochastic influence. Computational Methods for Differential
Equations, 12(2), 350-360. https://doi.org/10.22034/cmde.2023.56544.2365.

[13] A. Lahrouz & L. Omari (2013). Extinction and stationary distribution of a stochastic SIRS
epidemic model with non-linear incidence. Statistics & Probability Letters, 83(4), 960-968.
https://doi.org/10.1016/j.sp1.2012.12.021.

[14] Q.Lei& Z. Yang (2017). Dynamical behaviors of a stochastic SIRI epidemic model. Applicable
Analysis, 96(16), 2758-2770. https://doi.org/10.1080/00036811.2016.1240365.

1234


https://doi.org/10.1016/j.physa.2020.124628
https://dx.doi.org/10.1088/1402-4896/abfacc
https://doi.org/10.1002/mma.8010
https://doi.org/10.1080/17513758.2022.2164803
https://doi.org/10.1080/17513758.2022.2164803
https://doi.org/10.1137/10081856X
https://doi.org/10.1137/10081856X
https://doi.org/10.1016/j.chaos.2020.110005
https://doi.org/10.1016/j.jmaa.2010.06.003
https://doi.org/10.1007/bf02464423
https://doi.org/10.1007/bf02464423
https://doi.org/10.1007/978-3-642-23280-0
https://doi.org/10.22034/cmde.2023.56544.2365
https://doi.org/10.1016/j.spl.2012.12.021
https://doi.org/10.1080/00036811.2016.1240365

S. Saravanan and C. Monica Malaysian ]. Math. Sci. 19(4): 1211-1235(2025) 1211 - 1235

[15] R.Li& X. Guo (2024). Dynamics of a stochastic SEIR epidemic model with vertical transmis-
sion and standard incidence. Mathematics, 12(3), Article ID: 359. https://doi.org/10.3390/
math12030359.

[16] Y. Lin & D. Jiang (2014). Threshold behavior in a stochastic SIS epidemic model with
standard incidence. Journal of Dynamics and Differential Equations, 26, 1079-1094. https:
//doi.org/10.1007 /s10884-014-9408-8.

[17] P.Liu & X. Tan (2022). Dynamics analysis of a class of stochastic SEIR models with saturation
incidence rate. Symmetry, 14(11), Article ID: 2414. https://doi.org/10.3390/sym14112414.

[18] Q. Liu & D. Jiang (2023). Stationary distribution and probability density for a stochastic
SEIR-type model of coronavirus (COVID-19) with asymptomatic carriers. Chaos, Solitons &
Fractals, 169, Article ID: 113256. https://doi.org/10.1016/j.chaos.2023.113256.

[19] Q. Liu, D. Jiang, T. Hayat & B. Ahmad (2018). Stationary distribution and extinction of a
stochastic SIRI epidemic model with relapse. Stochastic Analysis and Applications, 36(1), 138
151. https://doi.org/10.1080/07362994.2017.1378897.

[20] Q.Liu, D.Jiang, N. Shi, T. Hayat & A. Alsaedi (2017). Stationarity and periodicity of positive
solutions to stochastic SEIR epidemic models with distributed delay. Discrete and Continuous
Dynamical Systems - B, 22(6), 2479-2500. https://doi.org/10.3934/dcdsb.2017127.

[21] Z. Liu (2013). Dynamics of positive solutions to SIR and SEIR epidemic models with
saturated incidence rates. Nonlinear Analysis: Real World Applications, 14(3), 1286-1299.
https://doi.org/10.1016/j.nonrwa.2012.09.016.

[22] X.Mao (2007). Stochastic Differential Equations and Applications. Elsevier, Cambridge, UK.

[23] X. Mao, G. Marion & E. Renshaw (2002). Environmental Brownian noise suppresses ex-
plosions in population dynamics. Stochastic Processes and Their Applications, 97(1), 95-110.
https://doi.org/10.1016/50304-4149(01)00126-0.

[24] Q. Xia & X. Qiu (2024). Dynamics of a stochastic SEIQR model driven by Lévy jumps with
bilinear incidence rates. PLOS One, 19(6), Article ID: e0305139. https://doi.org/10.1371/
journal.pone.0305139.

[25] Q. Yang, D. Jiang, N. Shi & C. Ji (2012). The ergodicity and extinction of stochastically per-
turbed SIR and SEIR epidemic models with saturated incidence. Journal of Mathematical Anal-
ysis and Applications, 388(1), 248-271. https://doi.org/10.1016/j.jmaa.2011.11.072.

[26] C.Zhang, T. Yang & S. X. Qu (2021). Impact of time delays and environmental noise on the
extinction of a population dynamics model. The European Physical Journal B, 94, Article ID:
219. https://doi.org/10.1140/epjb/s10051-021-00219-3.

[27] Q. Zhang & K. Zhou (2019). Stationary distribution and extinction of a stochastic SIQR
model with saturated incidence rate. Mathematical Problems in Engineering, 2019(1), Article
ID: 3575410. https://doi.org/10.1155/2019/3575410.

[28] X. B. Zhang & R.J. Liu (2021). The stationary distribution of a stochastic SIQS epidemic
model with varying total population size. Applied Mathematics Letters, 116, Article ID: 106974.
https://doi.org/10.1016/j.am1.2020.106974.

[29] Y. Zhang, X. Ma & A. Din (2021). Stationary distribution and extinction of a stochastic SEIQ
epidemic model with a general incidence function and temporary immunity. AIMS Mathe-
matics, 6(11), 12359-12378. https://doi.org/10.3934/math.2021715.

1235


https://doi.org/10.3390/math12030359
https://doi.org/10.3390/math12030359
https://doi.org/10.1007/s10884-014-9408-8
https://doi.org/10.1007/s10884-014-9408-8
https://doi.org/10.3390/sym14112414
https://doi.org/10.1016/j.chaos.2023.113256
https://doi.org/10.1080/07362994.2017.1378897
https://doi.org/10.3934/dcdsb.2017127
https://doi.org/10.1016/j.nonrwa.2012.09.016
https://doi.org/10.1016/S0304-4149(01)00126-0
https://doi.org/10.1371/journal.pone.0305139
https://doi.org/10.1371/journal.pone.0305139
https://doi.org/10.1016/j.jmaa.2011.11.072
https://doi.org/10.1140/epjb/s10051-021-00219-3
https://doi.org/10.1155/2019/3575410
https://doi.org/10.1016/j.aml.2020.106974
https://doi.org/10.3934/math.2021715

	Introduction
	Model Description
	Preliminaries
	Uniqueness and Existence of Positive Global Solutions
	Ergodicity and Stationary Distribution Analysis
	Eradication of The Disease
	Discussion and Numerical Simulations
	Conclusion

